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Âûïîëíåí êîíå÷íîýëåìåíòíûé ðàñ÷åò íàïðÿæåíèé â çîíå ñîåäèíåíèÿ âíàõëåñòêó ñ èñïîëüçî-
âàíèåì â àäãåçèîííîì ñëîå ñïåöèàëüíûõ 6-óçëîâûõ èçîïàðàìåòðè÷åñêèõ êîíå÷íûõ ýëåìåíòîâ.
Ðåçóëüòàòû ðàñ÷åòà õîðîøî ñîãëàñóþòñÿ ñ ðåøåíèÿìè, ïîëó÷åííûìè â çàìêíóòîì âèäå
Ãîëàíäîì è Ðåéññíåðîì. Ïîêàçàíî, ÷òî ìàêñèìàëüíûå íîðìàëüíûå è êàñàòåëüíûå íàïðÿ-
æåíèÿ â àäãåçèîííîì ñëîå èìåþò ìåñòî â òîðöàõ ñîåäèíåíèÿ, ÷òî îáóñëîâëåíî èõ ñèíãóëÿð-
íîñòüþ. Îöåíåíà àäãåçèîííàÿ ïðî÷íîñòü ñîåäèíåíèÿ âíàõëåñòêó ñ ïîìîùüþ êðèòåðèÿ ïðî÷-
íîñòè, èçâåñòíîãî êàê êðèòåðèé òî÷å÷íûõ íàïðÿæåíèé. Ðàñ÷åòíûå çíà÷åíèÿ àäãåçèîííîé
ïðî÷íîñòè òåñíî êîððåëèðóþò ñ èçâåñòíûìè ýêñïåðèìåíòàëüíûìè äàííûìè.
Êëþ÷åâûå ñëîâà: àäãåçèÿ, ðàçðóøàþùàÿ íàãðóçêà, ìåòîä êîíå÷íûõ ýëåìåíòîâ, êðè-
òåðèé òî÷å÷íûõ íàïðÿæåíèé, ñîåäèíåíèå âíàõëåñòêó.
Introduction. Adhesive bonding can offer better performance over the mechanical
fastening and being used extensively in space, automobiles, construction industries,
packaging industries etc. It has the ability to join dissimilar materials and to join efficiently
thin sheet materials such as thin–walled composite structures [1]. Single-lap joint [2–7] and
double-lap joint [8, 9] are simple in geometry and are widely used in characterizing
adhesive behavior and structural connections. Failures in an adhesive joint are classified as
adhesive failure and cohesive failure.
Adhesive failure occurs at the interface between the adhesive and adherend, whereas,
the cohesive failure occurs either in the adhesive or in the adherend. Failure analysis of an
adhesive joint requires reliable structural deformation and stresses in the joint for the
applied loads. The mechanisms of adhesion are related to chemical and physical properties
of the adhesive polymers. The structural deformation and stress states for the bonded joint
configuration can be obtained by specifying material properties of the joint configuration,
loads and appropriate boundary conditions. Since there is no unique failure criterion for the
bonded joints, the designer has to select or establish a suitable criterion to estimate the joint
strength [10–19]. The stress distribution for simple geometries can be obtained from a
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closed-form solution, which will be useful to validate the finite element models. Finite
element analysis (FEA) is essential for analyzing complex geometries and structural
materials. Da Silva et al. [20] have reviewed several analytical models. Stress analysis has
been carried out for various joint configurations having different adherend and adhesive
properties [21–28].
Standard finite elements are not well suited for modeling the adhesive layers which
are extremely thin comparing to other dimensions of the bonded structure. Reasonably
accurate results can be expected from the standard finite elements when the aspect ratio of
the width to the height of the element is approximately unity. An element having a large
aspect ratio becomes much stiffer in the transverse direction and much weaker in the axial
direction. Backer and Hatt [29] have developed a linear element assuming thin adhesive
layers which behave elastically as simple tension–compression springs and shear springs
connecting the adherends. This assumption ignores the variation of the stresses in the
thickness direction of the adhesive layer and influences equilibrium of the transverse
normal stress and the longitudinal shear stress in the adhesive layer. Motivated by the work
of Backer and Hatt [29], a special 6-node quadratic isoparametric element is developed [30]
for modeling of the adhesive layers, which is compatible to the general 8-node quadratic
isoparametric quadrilateral element [31] for modeling of the adherends. To examine the
adequacy of the special 6-node isoparametric element for the adhesive layer, a single-lap
metal–metal joint has been analyzed and compared with the results of the analytical
solution of Goland and Reissner [21].
For predicting the static strength (failure load) of adhesives and adhesively bonded
structures, the designers have adopted the strength of materials based models (e.g., average
stress, maximum stress and maximum strain failure criterion) [23, 24, 32–34]; plastic yield
criteria (e.g., von Mises and Tresca yield criterion, and Drucker–Prager plasticity model)
[35, 36]; void nucleation (cavitation) models [37]; and fracture-mechanics analysis [38–
43]. Motivated by the work of the above researchers, the bond strength of the single-lap
joint is estimated through one of the stress fracture criteria known as the point stress
criterion and compared with the results existing tests [44].
1. Test Results on Mild Steel Single-Lap Joints. Broughton et al. [44] have
presented the failure load data on CR1 mild steel single-lap joints bonded with AV119
epoxy adhesive. Figure 1 shows a typical single-lap joint. The dimensions of the single-lap
joint test specimens are: width = 25 mm; length of adherends I and II = 100 mm; thickness
of adhesive, t a  0.25 mm; thickness of adherends, t t1 2  2.5 mm, and the bond
length, a 12.5, 25, and 50 mm. Table 1 gives the tensile and shear characteristics of CR1
mild steel and AV119 epoxy adhesive. Table 2 gives the failure loads of single-lap joints.
2. Finite Element Analysis. Muthurajan et al. [30] have adopted a numerical
procedure for analyzing two-dimensional bonded joints, in which adherends are idealized
by the 8-node quadratic isoparametric element [31] whereas the adhesive layer is modeled
by a compatible 6-node special element. The 6-node quadratic special element for adhesive
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Fig. 1. Typical single-lap joint.
layer (Fig. 2) is found to be more appropriate when compared to the linear element of
Barker and Hatt [29]. Since the adhesive layer is relatively thin, the special element
assumes identical coordinates for the top and bottom nodes of the adhesive element. As in
[29], the adhesive element neglects the longitudinal direct stress as well as the other two
stresses across the adhesive thickness.
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T a b l e 1
Tensile and Shear Characteristics of CR1 Mild Steel and AV119 Epoxy Adhesive
Characteristic CR1 mild steel AV119 epoxy
Tension
Modulus (GPa) 206 6 3.05
Poisson’s ratio 0 38 0 02. . 0.34
Ultimate strength (MPa) 334 2 71.3
Yield strength (MPa) 206 1 –
Ultimate strain (%) 4 23 0 50. . –
Yieid strain (%) 0 25 0 01. . –
Shear
Shear modulus (GPa) 74 4 1.1
Strength (MPa) – 41.0
T a b l e 2
Failure Loads for CR1 Mild Steel/AV119 Single-Lap Joints
Bond length a (mm) Failure load (N)
12.5 8850 250
25.0 10700 950
50.0 15825 1575
Note. Width = 25 mm, thickness of adhesive ta  0.25 mm, and thickness of adherends t t1 2 
 2.5 mm.
Fig. 2. Special 6-node quadratic element for adhesive layer.
The adhesive element stiffness matrix is [30]:
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is the material matrix for the adhesive element,
Ea and Ga are the Young modulus and shear modulus of the adhesive layer having
thickness t a . The transformation matrix [ ]R is the diagonal matrix having six identical
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The top and bottom nodes of the adhesive element having identical coordinates is
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The shape functions N i (i1, 2, 3) in Eqs. (4) and (5) for the adhesive element are
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The special six-node quadrilateral adhesive element is compatible to the standard
eight-node isoparametric quadrilateral 2D plane element. Standard finite element procedure
is adopted to obtain the overall structural deformation, strains and stresses for the specified
(applied) load.
Figure 3 shows the finite element model for the 12.5 mm bond length. Following [30],
finite element analysis has been carried out by applying the tensile force 8850 N parallel to
the adherend and also external moments which satisfy the moment-equilibrium condition.
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Characteristics of material are specified from Table 1. Displacement along x-direction
(loading direction) is suppressed at the left side edge of the adherend (adherend-I). Also
displacement along y-direction is suppressed at the middle node of the left side edge of the
adherend (adherend I). An edge load (P) equivalent to 141.6 MPa tensile stress plus the
external moment is applied at the right side edge of the adherend (adherend II). The shear
stress (! xy ) and normal or peel stress (" y ) distributions in the adhesive layer of steel-steel
single-lap joint are shown in Figs. 4 and 5.
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Fig. 3. Finite element model [30].
Fig. 4. Comparison of shear stress distribution in the adhesive layer of a single lap joint.
Fig. 5. Comparison of normal stress distribution in the adhesive layer of a single lap joint.
The finite element analysis results are found to be in good agreement with the
closed-form solution of Goland and Reissner [21]:
! #

xy
P
a
x
t






	
4 1
1 , (7)
" #

y
P
t
x
a






	2
22 . (8)
Here
#  1 1 1( ) cosh , 
A B #     2 2 2( ) cosh cos sinh sin , 
A B
A
a
t
a
t
1
1
1
1
1
2
1 3
2
 






	








$

( ) sinh , B1 13 1 ( ),$ A2 3 4 7 ( ) ,$ $ $
B2 5 6 7 ( ) ,$ $ $ 1 2
2

G t
Et
a
a
,  2 42
6

a
t
E t
Et
a
a
,  %3
2
2
3
2
1 
a
t
P
Et
( ) ,
$ 1 3
11 2 2 
 { tanh } , $  2 2 2
1
2
 
(sinh sin ),
$

   3
2
2 2 2 22
 (sinh cos cosh sin ), $   4 3 2 22 cosh cos ,
$

   5
2
2 2 2 22
 
(cosh sin sinh cos ),h $   6 3 2 22 sinh sin ,
$
$
$
7
2
1
2
2
2






	
t
a
.
The Young moduli of the adherend and the adhesive layer are designated by E and
Ea , respectively, whereas the shear modulus of the adhesive layer is represented by Ga ,
% is Poisson’s ratio of adherends, a is the overlap length, P is the load for unit width, t is
the thickness of the adherend, and t a is the thickness of the adhesive layer.
3. Failure Load Estimation. Maximum normal and shear stresses are found in the
adhesive layer at the ends of the overlap. The distribution is symmetric in either side from
the center of the joint. It is interesting to note that the average of normal stress in the
adhesive layer is found to be zero, whereas the average shear stress in the adhesive layer is
found to be equivalent to the ratio of the applied load and the adhesive area. Since the stress
fields near the bonding edges show singular behavior or stress concentration, it is essential
to understand the failure behavior of bonded joints and the appropriate failure criterion for
life predictions. One of the stress factor criteria of the Whitney and Nuismer [45] known as
the point stress criterion (PSC) states that fracture occurs when the stress ahead of the
discontinuity at the characteristic distance is equal to the strength of the material.
For the present problem, failure loads of single-lap joints are specified in Eq. (7) and
obtained the shear stress distribution over the overlap length of the adhesive layer. As
expected, the shear stress at the ends of the overlap is found to be higher than the shear
strength of the adhesive. Following the point stress criterion, the characteristic length (acb )
is found in the overlap region at which the shear stress in the adhesive layer for the failure
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load is equal to the shear strength of the adhesive. From the test results of Table 2, an
empirical relation is developed for the characteristic length in terms of the overlap length of
the single-lap joint as
a acb  0 1786
0 5025. .. (9)
In order to obtain the shear strength of single-lap joint, the shear stress distribution is
obtained from Eq. (7) specifying unit load and finding the stress value at the characteristic
distance from the bonding edge. This stress value is multiplied with the shear strength by
the shear strength of the adhesive. The failure load is obtained by multiplying the resulting
shear strength value with the overlap area of the bond. Tables 3 and 4 give the comparison
of failure load for CR1 mild steel/AV119 single-lap joints. The failure load estimates based
on point stress criterion is found to be in good agreement with test results [44].
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T a b l e 3
Prediction of Failure Loads (N) for CR1 Mild Steel/AV119 Single-Lap Joints
Failure
criterion [44]
Bond length, a (mm)
12.5 25 50
Maximum shear stress criterion
FEA (von Mises)
FEA (linear Drucker–Prager)
Analytical solution
6285
6110
10545
7655
7540
10808
10482
12287
11674
Maximum tensile stress criterion
FEA (von Mises)
FEA (linear Drucker–Prager)
Analytical solution
6295
6105
15014
7715
7517
16014
10656
12175
18068
Hill’s failure criterion
FEA (von Mises)
FEA (linear Drucker–Prager)
Analytical solution
4076
4426
8627
4900
5321
8968
6683
7219
9818
Maximum shear strain criterion
FEA (von Mises)
FEA (linear Drucker–Prager)
8711
7985
10168
10594
13512
13930
Maximum tensile strain criterion
FEA (von Mises)
FEA (linear Drucker–Prager)
7395
7280
9526
9282
12833
12727
Maximum principal strain criterion
FEA (von Mises)
FEA (linear Drucker–Prager)
5878
5722
7115
6918
9735
9401
Experimental 8850250 10700950 158251575
Present analysis 8850 11625 15800
Note. Width = 25 mm, length of adherends = 100 mm, thickness of adhesive = 0.25 mm, and
thickness of adherends = 2.5 mm.
Conclusions. This paper adopts the point stress criterion to estimate the bond strength
of a single-lap metal–metal joint specimen. A special 6-node quadratic isoparametric
element for idealizing the adhesive layer and a general 8-node quadrilateral isoparametric
element for idealizing the adherends as in [30] are considered while analyzing the
single-lap joint. The finite element analysis results are found to be in good agreement with
the analytical solution of Goland and Reissner [21]. Finite element modeling and analysis
will be useful to obtain the solution for the joint problems of complex shaped adherends
(for optimum joint efficiency) and different adherend materials. Failure load estimates of
the single-lap joints following the present point stress criterion are found to be in good
agreement with test results.
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Ïðîâåäåíî ñê³í÷åííîåëåìåíòíèé ðîçðàõóíîê íàïðóæåíü ó çîí³ ç’ºäíàííÿ âíàïóñê ³ç
âèêîðèñòàííÿì ó àäãåç³éíîìó øàð³ ñïåö³àëüíèõ 6-âóçëîâèõ ³çîïàðàìåòðè÷íèõ ñê³í-
÷åííèõ åëåìåíò³â. Ðåçóëüòàòè ðîçðàõóíêó äîáðå óçãîäæóþòüñÿ ç ðîçâ’ÿçêàìè, îòðèìà-
íèìè ó çàìêíåíîìó âèãëÿä³ Ãîëàíäîì ³ Ðåéññíåðîì. Ïîêàçàíî, ùî ìàêñèìàëüí³
íîðìàëüí³ ³ äîòè÷í³ íàïðóæåííÿ â àäãåç³éíîìó øàð³ ìàþòü ì³ñöå â òîðöÿõ ç’ºäíàííÿ,
ùî çóìîâëåíî ¿õ ñèíãóëÿðí³ñòþ. Îö³íåíî àäãåç³éíó ì³öí³ñòü ç’ºäíàííÿ âíàïóñê çà
äîïîìîãîþ êðèòåð³þ ì³öíîñò³, â³äîìîãî ÿê êðèòåð³é òî÷êîâîãî íàïðóæåííÿ. Ðîçðà-
õóíêîâ³ çíà÷åííÿ àäãåç³éíî¿ ì³öíîñò³ ò³ñíî êîðåëþþòü ³ç â³äîìèìè åêñïåðèìåí-
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